ABSTRACT. In this paper, we study direct images of pluricanonical bundles in positive characteristic, assuming that generic fibers have finitely generated canonical rings and sufficiently large Frobenius stable canonical rings. We treat a Fujitatype conjecture due to Popa and Schnell, and prove it under some additional hypotheses. We also show an analog of Fujino's result concerning his Fujita-type conjecture. As an application, we prove the subadditivity of Kodaira dimensions in some new cases.
sections, Conjecture 1.1 follows from a result of Kollár [21] when m = 1, and has been proved by Popa and Schnell [30, Theorem 1.4 ] when m ≥ 2. Deng [6] , Dutta [7] , Dutta-Murayama [8] and Iwai [18] have studied Conjecture 1.1, which have given sufficient conditions, in terms of lower bounds on l, for the sheaf f * ω m X ⊗ L l to be (generically) generated by its global sections.
Recently, Fujino [13] proposed a new extension of Fujita's conjecture: is generated by its global sections for l ≥ n + 1.
Fujino [13] has shown that the above sheaf is generically generated by its global sections, assuming additionally that either L is globally generated or l ≥ n 2 + min{2, m}. As explained in [13] , Conjecture 1.1 follows from Conjecture 1.2.
In positive characteristic, however, it is known that there exists a counterexample to Conjectures 1.1, even when we add the hypothesis that L is generated by its global sections. Moret-Bailly [24] constructed a surjective morphism g : S → P 1 from a smooth projective surface S such that g * ω S ⊗ O(2) is not nef.
The purpose of this paper is to prove several generation results in positive characteristic, assuming that generic fibers have sufficiently large Frobenius stable canonical rings. Recall that the Frobenius stable canonical ring, which was introduced in [28] , is a homogeneous subring (not necessarily unitary) of the canonical ring of a regular variety V , whose degree m subgroup is S 0 (V, ω m V ). Recall also that S 0 (V, ω m V ) is the subspace of H 0 (V, ω m V ) defined by Schwede [32] as the stable image under the trace maps of the iterations of the Frobenius morphism.
We fix from now on the following notations. Let k be an algebraically closed field of characteristic p > 0. Let f : X → Y be a surjective morphism of projective varieties over k, with X smooth and Y of dimension n. We note that f is not necessarily separable.
Our first main theorem is then stated as follows: Theorem 1.3 (Theorem 6.3 and Example 5.6). Let X η denote the generic fiber of f . Suppose that
Xη ) is a finitely generated k(η)-algebra, and (ii) there exists m 0 such that S 0 (X η , ω The hypotheses of this theorem hold, for instance, in the case when the generic fiber has ample canonical bundle. If, moreover, the canonical bundle on the total space is relatively ample, then we obtain the following theorem: The above theorems are proved by using two morphisms: the morphism Y → P n defined by a free linear system in |L|, and a separable endomorphism of P n . As long as Y has a generically finite morphism to a variety admitting a special endomorphism (Definition 5.1), our argument is effective. We apply it to the Albanese morphism of Y , and use its consequence to study Iitaka's conjecture. Here, a coherent sheaf F is said to be weakly positive in the sense of [34] if for any ample line bundle H on Y and any α ≥ 1, there exists some β ≥ 1 such that (S αβ (F )) * * ⊗ H β is generically generated by its global sections. In the case when Y is a curve, Theorem 1.5 (b) generalizes a result of the author [11, Theorem 1.4] , which needs indeed a stronger assumption than that of Theorem 1.5, in order to find the weak positivity of sheaves of form f * ω m X/Y ([11, Theorem 1.1]). The positivity of these sheaves cannot be obtained from Theorem 1.3, unlike the case of characteristic zero ( [30, Corollary 4.3] ). In fact, there exists a fibration that satisfies hypotheses in Theorem 1.3 but violates the weak positivity theorem (see [31, 36] or [37, Example 1.14] ).
We move on results concerning Conjecture 1.2. For the same reason as above, we impose the same condition as that in [11, Theorem 1.1] , which is stronger than that of Theorem 1.3. The next theorem can be viewed as a positive characteristic analog of a part of the above result due to Fujino [13, Theorem 1.5] . Theorem 1.6 (Theorem 6.6). Assume that Y is smooth. Let X η denote the geometric generic fiber of f . Suppose that
) is a finitely generated k(η)-algebra, and (ii') there exists m 0 such that S 0 (X η , ω
) for m ≥ m 0 . Let L be a big and globally generated line bundle. Then the sheaf
is generically generated by its global sections for m ≥ m 0 and l ≥ n + 1.
The hypotheses of this theorem hold if, for example, the geometric generic fiber has only F -pure singularities (Definition 3.1) and has ample dualizing sheaf (see [11, §3] for more examples). In this situation, we can find a locus independent of the choice of m, on which the sheaves are generated by its global sections. • every closed fiber of f over Y 0 has only F -pure singularities. Let L be an ample and globally generated line bundle on Y . Then there exists m 0 such that the sheaf
is generated by its global sections on Y 0 for m ≥ m 0 and l ≥ n + 1. 
Notation and conventions
Let k be a field. In this paper, by k-scheme we mean a separated scheme of finite type over k. A variety is an integral k-scheme.
Let X be an equi-dimensional k-scheme of finite type satisfying S 2 and G 1 . An AC divisor (or almost Cartier divisor ) on X is a reflexive coherent subsheaf of the sheaf of total quotient rings on X which is invertible on an open subset U of X with codim(X \ U) ≥ 2. Let D be an AC divisor on X. We let O X (D) denote the coherent sheaf defining D. We say that D is effective if O X ⊆ O X (D). In this paper, a prime AC divisor is an AC divisor that cannot be written as the sum of two non-zero effective AC divisors. The set WSh(X) of AC divisors on X forms naturally an additive group [16, Corollary 2.6] . A Q-AC divisor is an element of WSh(X) ⊗ Z Q. Let ∆ be a Q-AC divisor. Then there are prime AC divisors ∆ i on X such that ∆ = i δ i ∆ i for δ i ∈ Q. We define
Note that ⌊∆⌋ and ⌈∆⌉ are not necessarily uniquely determined by ∆, because the choice of the decomposition ∆ = i δ i ∆ i is not necessarily unique. For example, if we set X := Spec k[x, y, z, z
k have already been given, then we choose the natural decomposition ∆ = j αδ
Let ϕ : S → T be a morphism of schemes and let T ′ be a T -scheme. We denote by S T ′ and ϕ T ′ : S T ′ → T ′ the fiber product S × T T ′ and its second projection, respectively. For an O S -module G, its pullback to S T ′ is denoted by G T ′ . We use the same notation for an AC or Q-AC divisor if its pullback is well-defined.
Trace maps of Frobenius morphisms
In this section, we discuss several notions defined by using the trace maps of Frobenius morphisms. We work over an F -finite field k of characteristic p > 0, that is, a field of characteristic p > 0 such that the extension k/k p is finite.
Definition 3.1. Let ∆ be an effective Q-AC divisor on X.
(1) We say that the pair (X, ∆) is F -pure if for each e ∈ Z >0 , the composite
locally splits as an O X -module homomorphism.
(2) We say that the pair (X, ∆) is sharply F -pure if there exists an e ∈ Z >0 such that the composite
Let L be an AC Cartier divisor on X. Applying the functor Hom( , O X (L)) to (3.1.2), we obtain from the Grothendieck duality the morphism
In this paper, we denote this morphism by φ (X,∆) (0) is surjective for each e ∈ Z >0 . Definition 3.2. Let X be an equi-dimensional projective k-scheme satisfying S 2 and G 1 . Let L be an AC divisor on X. The k-vector space
where the morphism is induced from φ (e) (X,∆) (L). This subspace is also denoted by
Definition 3.3. Let X be an equi-dimensional k-scheme satisfying S 2 and G 1 . Let f : X → Y be a projective morphism to a variety Y . Let L be an AC divisor on X.
where the morphism is induced from φ (e) (X,∆) (L). One can easily check that the stalk of S 0 f * (σ(X, ∆) ⊗ O X (L)) at the generic point η of Y is isomorphic to S 0 (X η , ∆| Xη ; O Xη (L| Xη )). Next, we consider the trace maps of relative Frobenius morphisms. Let X be an equi-dimensional k-scheme satisfying S 2 and G 1 , let ∆ be an effective Q-AC divisor on X, and let L be an AC divisor on X. Let f : X → Y be a flat morphism to a regular variety Y . Let U be the maximal open subset of X such that U is Gorenstein and L| U is Cartier. Replacing X by U, we may assume that X is Gorenstein and L is Cartier. Fix e ∈ Z >0 . We now have the following commutative diagram:
Since f is flat, we have
and so
we obtain the morphism
where
an isomorphism, so we can identify φ (X/Y,∆) (0). Using this morphism, we discuss the surjectivity of f * φ (e) (X,∆) (L). Shrinking Y , we may assume that Y is affine. By the above diagram, we obtain the commutative diagram
Note that we used the isomorphism
(X/Y,∆) (M). Therefore, we obtain
Since α splits, so does β, and so f * β is surjective.
(X/Y,∆) (M) is surjective (resp. the zero map), then so is f * φ (e) (X,∆) (L). Let l be an F -finite field that is an extension of k, let W be a regular l-scheme, and let a : W → Y be a flat k-morphism. Set V := X × Y W and let g : V → W be the second projection. We next consider the following commutative diagram:
Therefore, by the construction, we see that φ
The converse holds when a is surjective. In particular, we can prove the following lemma:
Lemma 3.4. Let X, ∆ and L be as in Definition 3.2. Suppose that i∆ is integral for some positive integer i not divisible by p. Let k denote the algebraic closure of
Lemma 3.5. Let the notation be as in Definition 3.3. Suppose that • i∆ is integral for some positive integer i not divisible by p,
• L is an f -ample Cartier divisor on X. Then there exists an integer m 0 such that
for each m ≥ m 0 and every f -nef Cartier divisor N.
Proof. This follows from an argument similar to that in the proof of [26, Corollary 2.23] . Note that [26, Corollary 2.23 ] assumes that i(K X + ∆) is Cartier for some i ∈ Z >0 with p ∤ i, but in our setting, the assumption can be replaced by the one that K X + ∆ is Q-Cartier.
Lemma 3.6. Let X be an equi-dimensional k-scheme satisfying S 2 and G 1 . Let ∆ be an effective Q-AC divisor such that K X +∆ is Q-Cartier and i∆ is integral for some integer i > 0 not divisible by p. Let f : X → Y be a flat projective morphism to a regular variety Y . Let U ⊆ V be a Gorenstein open subset such that the codimension of (X \ U) | Xy (resp. Supp ∆| Xy ) is at least 2 (resp. 1) for every y ∈ Y . Suppose that X y , ∆| U y is F -pure for every y ∈ Y , where X y is the geometric fiber over y and ∆| U y is the Q-AC divisor on X y obtained as the unique extension of ∆| U y . Let L be an f -ample Cartier divisor. Then there exists a positive integer m 0 such that
for each e ≥ 0, each m ≥ m 0 and every f -nef Cartier divisor N.
Proof. Fix e ≥ 0. By the argument above, it is enough to show that the morphism 
4. Positivity of coherent sheaves 4.1. Base loci of coherent sheaves. The restricted base locus and the augmented base locus of an R-Cartier divisor was introduced and studied in [9] . These notion has been generalized to vector bundles in [2] . In this subsection, we introduce a notion of restricted (augmented) base locus of a coherent sheaf in the same way as in [2, §2] .
Let k be a field, let X be a quasi-projective variety over k, and let sp(X) denote the underlying topological space of X. Let F be a coherent sheaf on X. The base locus Bs(F ) of F is defined as the subset of sp(X) consisting of points x such that the global sections of F cannot generate the stalk F x at x as O X,x -module. If
Take S ⊆ sp(X). We say that F is globally generated over S (resp. generically globally generated ) if Bs(F ) ∩ S = ∅ (resp. Bs(F ) = X). Let D be a Q-Cartier divisor on X and let i be the smallest positive integer such that iD is integral. Then we define 
so we get an integer n > 0 such that
One can check that
Let A be a semi-ample Q-Cartier divisor on X. Then for every rational numbers r 1 > r 2 , we have
In this paper, we use the following notation:
One can check that the following conditions hold:
• for a sequence r 1 , r 2 , . . . ∈ Q >0 converging to 0, we have
• there is r ∈ Q >0 such that for every r ′ ∈ (0, r] ∩ Q,
Lemma 4.1. Let X, F and D be as above. Let A and B be semi-ample Q-Cartier divisors on X. Then
Proof. Replacing B by εB for some small ε ∈ Q >0 , we may assume that B B + (A) = B(A − B). Then for every r ∈ Q >0 ,
which proves the first assertion. By an argument similar to the above, one can prove the second assertion. 
We set B − (F ) := B − (F + 0) and B + (F ) := B + (F + 0). When F is a vector bundle, we call B − (F ) the restricted base locus (or diminished base locus) of F . We also call B + (F ) the augmented base locus of F .
In the rest of this subsection we prove several lemmas on base loci, which are used in Sections 5 and 6. Lemma 4.2. Let X, D and F be as above. Let g : X → Z be a projective morphism to a quasi-projective variety Z, let H and D be Q-Cartier divisors on Z, and assume that H is ample. Then
and
Proof. Let A ≥ 0 be an ample Cartier divisor on X. Fix an l ∈ Z >0 such that lH is Cartier, B + (g * H) = B(g * lH − A), and (g * O X (−A))(lH) is generated by its global section. Take a point x ∈ sp(X). If g # x is finite, then we see from Lemma 4.3 below that the natural morphism g
Lemma 4.3. Let h : V → W be a projective morphism between quasi-projective varieties, and let G be a coherent sheaf on
Since ϕ can be decomposed as h
′′ is surjective, so we may assume that every fiber of h is connected. In this case, we have
We return to the proof of Lemma 4.2. Suppose that x / ∈ B(g * lH − A). Then there is an effective Q-Cartier divisor E with E ∼ Q g * lH − A and x / ∈ Supp(E). Let F denote the fiber of g over g(z). We may assume that F is not contained in A. Then
. This means that dim F = 0, so g # x is finite, and the proof of (1) is complete. Next, take an l ∈ Z >0 such that lD is Cartier. We then have the morphisms
and (1) tells us that the cokernel of the composite is supported on B + (g * H). From this, we can prove (2) and (3).
Lemma 4.4. Let X be a quasi-projective variety, let D be a Cartier divisor on X and let F be a coherent sheaf on X. Then there exists an integer n 0 = n 0 (F , D) such that
Proof. Let A be an ample Cartier divisor on X. Fix l, m ∈ Z >0 such that
. Let q and r denote the quotient and the remainder of the division of n by lm, respectively. Then
When n ≫ 0, we have Bs(
Lemma 4.5. Let X be a quasi-projective variety, let A and D be Q-Cartier divisors on X and let F be a coherent sheaf on X. Let π : Y → X be a finite surjective morphism and let U denote the maximal open subset of X such that
Then there is a natural morphism α : G → O Y whose cokernel is supported on C. Take i ∈ Z >0 so that iA is Cartier. Thanks to Lemma 4.4, we get n 0 ≥ 0 such that Bs(G(inA)) ⊆ B + (A) for each n ≥ n 0 . Fix m ∈ Z with m ≥ n 0 that is divisible enough. Then we have a morphism
whose cokernel is supported on B(π
we get the following sequence of morphisms whose cokernels are supported on
induced by α
Note that since π is affine, Coker(π * β) = π * Coker(β). We then get that
The left-hand side is equal to B(F + (D + A)), since m is divisible enough.
Proposition 4.6. Let k be an F -finite field. Let W be a projective variety over k of dimension n and let H be a big Cartier divisor on W with |H| free. Let Y be a dense open subset of W and let F 1 , . . . , F N and G be coherent sheaves on
Then there exists an integer e 0 > 0 such that
for each e ≥ e 0 and each
For instance, when Y = W , H is ample, N = 1, F 1 = O W (H) and ε 1 = ε = 1, then the proposition is equivalent to the following well-known fact: (F e W * G)((n + 1)H) is generated by its global section for each e ≫ 0.
Proof. Step 1. We first define e 0 . Fix m ∈ Z >0 such that ε i m ∈ Z and that
for each i = 1, . . . , N. Set S := {(r 1 , . . . , r N )|0 ≤ r i < m for each i} and
Since |H| is free, there is a generically finite surjective morphism g : W → Z and an ample Cartier divisor L on Z such that |L| is free and H ∼ g * L. Serre's vanishing theorem then says that there is s 0 ∈ Z >0 such that H j (Z, (g * G ′′ )(sL)) = 0 for each 1 ≤ j ≤ n and s ≥ s 0 . We then define e 0 := min {e ∈ Z >0 |εp e ≥ s 0 + m i ε i } .
Step 2. Take e ≥ e 0 and l 1 , . . . , l N ∈ Z >0 with i ε i l i ≥ (n + ε)p e . For each i, let q i and r i be integers such that l i = mq i + r i and 0 ≤ r i < m. Put µ := 1≤i≤N ε i mq i and E := F e W * (G ′′ (µH)) . In this step, we prove that Bs(E| Y ) ⊆ B + (H). Since
we have µ − jp e ≥ s 0 for each 0 < j ≤ n, so we see from the projection formula that
which means that g * E is 0-regular with respect to O Z (L), and hence g * E is generated by its global sections as shown in [23 
, which proves the claim, since Bs(E| Y ) ⊆ Bs(E).
Step 3. We show the assertion. Put
By the definition of D and G ′ , we get
Furthermore, we see from the choice of m that there is a morphism h O Y → D whose cokernel is supported on B, which induces the morphism
whose cokernel is supported on B. It then follows from
which completes the proof.
4.2.
Weak positivity. Let k be a field. The notion of weak positivity was introduced by Viehweg [33] . 
The converse does not hold as explained in Example 4.9.
Example 4.9. Let Y be a regular projective surface, let y ∈ sp(Y ) be a closed point, and let π : Y ′ → Y be the blow up of Y along y. Let I be the ideal sheaf of y and let A be an ample Cartier divisor on Y . Take l ≫ 0 so that
In particular, G is weakly positive but
The sheaf G is often said to be weakly positive when [34, 20] ). In order to distinguish this terminology from Definition 4.7, we employ the following definition. In this paper, we say that
An invariant of coherent sheaves
In this section, we introduce an invariant of coherent sheaves, which we use to study the positivity of coherent sheaves. The invariant is defined by using a morphism to a variety admitting a special endomorphism. Throughout this section, we work over an F -finite field k of characteristic p > 0.
Definition 5.1. Let Y be a quasi-projective variety, let H be a big Cartier divisor on Y and let S be a non-empty subset of sp(Y ). Fix a ∈ Q ≥0 . We say that the pair (S, H) satisfies condition ( * ) a if all the following conditions hold.
I. There exists a normal projective variety Z and a projective morphism g :
is a finite set for every s ∈ S, and I-3. S = s∈g(S) g −1 (s).
We do not distinguish between g : Y → U and the composite Y 
.
By conditions I-2 and II-2, we see from Lemma 4.2 that B + (g * B) ∩ S = ∅, so we conclude that B
The next lemma follows immediately from Definition 5.1:
Lemma 5.4. Let Y be a quasi-projective variety, let H be a big Cartier divisor on Y , and let S be a subset of sp(Y ) such that (S, H) satisfies condition ( * ) a for some
Proof. Conditions I-2 and I-3 hold obviously. Conditions I-1, II and III follow from 
Since Y is noetherian, our claim follows. We need the following notion in order to define our invariant (Definition 5.12).
Definition 5.10. Let Z be a quasi-projective variety and let π : Z → Z be an endomorphism of Z. Let G be a coherent sheaf on a dense open subset U of Z. Set
Note that for each d ≥ d 0 we have
Proposition 5.11. Let the notation be as in Definition 5.10. Let C denote the set of points z ∈ sp(U) such that π d is not flat over z for some d. Let A be a Q-Cartier divisor on U. Then
Proof. This follows from Lemma 4.5 immediately.
The next invariant plays an important role in Section 6
Definition 5.12. Let Y be a quasi-projective variety, let H be a big Cartier divisor on Y , and let S be a non-empty subset of sp(Y ). Fix a ∈ Q ≥0 . Suppose that (S, H) satisfies condition ( * ) a , and let the notation be as in Definition 5.1. Let F be a coherent sheaf on Y . We define
We note that g : Y → U is a projective morphism to a dense open subset U of Z.
Proposition 5.14. Let the notation be as in Definition 5.12. Let r be a rational number.
(
Note that we have B Proof. We first prove (1). Since g| g −1 (V ) : g −1 (V ) → V is finite for some open subset V ⊆ Z by Definition 5.1, we see from Lemma 4.2 (1) and (3) that it is enough to show that B − (g * F + rL| U ) ∩ g(S) = ∅. Fix α ∈ Q >0 and an ample Cartier divisor B on U. We show that
Take β ∈ Q >0 so that αB − βL| U is ample and −r + β ∈ Z[q −1 ]. Note that r − β ∈ T (F ). We then obtain from Proposition 5.11 that
Next, we show (2) . By an argument similar to the above, we only need to show that B + (g * F −rL| U )∩g(S) = ∅. Fix α ∈ Q >0 such that r +α ∈ T (F ). Take β ∈ Q >0 so that B + (L| U ) = B(αL| U − βB). We then see from Proposition 5.11 again that
which is our claim. . Let E, F and G be coherent sheaves on Y . Let Λ be an infinite set of positive integers. Fix M, δ ∈ R ≥0 . Suppose that for every e ∈ Λ there exists a positive integer h e with |δp e − h e | ≤ M and a morphism
that is surjective over S. Let H be a big Cartier divisor on Y , let A ′ be a big Cartier divisor on W with |A ′ | free, and set A := A ′ | Y . Take rational numbers r, r ′ so that with δr + r ′ > 0. Then
Furthermore,
Proof. The second and third assertion follow from the first. We show the first assertion. For each e ∈ Λ, the morphism ψ (e) induces
which is surjective over S, so Bs(G(H)) ∩ S ⊆ Bs(D e ). Take δ ′ ∈ Q so that −r ′ < δ ′ r < δr. Then for each 0 ≪ e ∈ Λ we have h e r + (n + r ′ )p e > δp e r − |rM| + (n + r
where ε := δ ′ r + r ′ > 0, so Proposition 4.6 tells us that
The following two lemmas are used in the proof of Proposition 5.18. 
Proof. We first prove that C is a reflexive sheaf on X. Let i : C → C * * denote the natural morphism on X. Then i is an isomorphism in codimension one, so π * (i) is also an isomorphism in codimension one. Since for every point y either f or F Y is flat over y, we see that W satisfies S 2 , and so π * C = Hom O W (π * O X , O W ) also satisfies S 2 . This means that π * (i) is an isomorphism, and hence so is i.
We show the assertion. Let x ∈ sp(X) be a point of codimension one and set y := f (x) and w := π(x). We can writeÔ X, 
Lemma 5.17. Let π : X → Y be a separable finite surjective morphism between normal varieties that is flat over every singular point of Y . Let R denote the ramification divisor of π. Let G be a coherent sheaf on Y and let M be a line bundle on X. Then for each e ∈ Z >0 , there exists a morphism
that is an isomorphism on X \ Supp R.
Proof. Fix e ∈ Z >0 . We have the following commutative diagram:
Here, the square in the diagram is cartesian. We get
Note that the projection formula holds for coherent sheaves if the morphism is finite.
U/Y is an isomorphism, so the assertion follows. . Suppose that for every e ∈ Λ there exists a positive integer h e with |δp e − h e | ≤ M and a morphism
Proof. We first prove (2) . Set
Take r ∈ Q so that r < t(F ) and δr + r
14. Hence, Proposition 5.15 tells us that
Note that B + (H) ∩ S = ∅ by Definition 5.1. Next, we prove (1) . Let the notation be as in Definition 5.1. Replacing E, F and G by g * E, g * F and g * G, respectively, we may assume that Y = U and g = id U . Note that ψ (e) can be replaced by the composite of
where each morphism is surjective over g(S),
Z + abL ∩ S = ∅. Replacing b, we may assume that bK Z is Cartier in a neighborhood of S. Let R d denote the ramification divisor of
. We show the following claim:
Note that since π d is flat, we can take the pullback of any Q-Weil divisor. Therefore,
Z is locally free in a neighborhood of S d , the natural morphism ω
The right-hand side is included in
which proves Claim 1. Let A be an ample Cartier divisor on Z with |A| free. Take ε 1 ∈ Q >0 so that
By the choice of r, we can find
We prove the following claim:
, and hence
which prove the assertion. Set
where R := R d | V . Put ε 2 := 0 and ε 3 := 0. Then
Let m e and c e be integers such that p e − 1 = bm e + c e and 0 ≤ c e < b. Put E ′ := 0≤c<b (ρ * E) (−cR). Set
= m e and l 3 := h e .
Then
Here, we have (δ
h e r, so l 1 > νp e , and hence
Thanks to Proposition 4.6, we obtain
Since bR is Cartier in a neighborhood of S d , we see that the natural morphism
is surjective over S d , which induces the morphism 
Since ρ isétale over S, each morphism is surjective over S d , so
which proves Claim 2.
Positivity of direct images
In this section, using the invariant studied in Section 5, we discuss the positivity of direct images of (relative) pluricanonical bundles.
6.1. Direct images of pluricanonical bundles. In this subsection, we prove the main theorems of this paper. We work over an F -finite field k of characteristic p > 0. To begin with, we define the following notation.
In this paper, we say that R is finitely generated over S if there exists a positive integer N such that for each d ≥ 0 the natural morphism
is surjective over S. If we can take N = 1, then we say that R is generated by R 1 over S. Let M = d≥0 M d be a graded R-module such that each M d is a coherent sheaf on Y . In this paper, we say that M is finitely generated over S as R-module if there exists a positive integer N such that for each d ≥ N the natural morphism
is surjective over S.
When S = {η}, where η is the generic point of Y , the O Y -algebra R is finitely generated over S if and only if R η = d≥0 (R d ) η is a finitely generated k(η)-algebra. Theorem 6.2. Fix a rational number a ≥ 0. Let X be a quasi-projective variety satisfying S 2 and G 1 , and let ∆ be an effective Q-AC divisor on X. Let Y be a dense open subset of a projective variety W , let H be a big Cartier divisor on Y , and fix subsets S ⊆ S ′ ⊆ sp(Y ) such that (S, H) satisfies condition ( * ) a . Let f : X → Y be a surjective projective morphism. Let M be an AC divisor on X and let N be an AC-divisor on X with δN
, respectively. Suppose that the following conditions hold:
be the morphism defined in Section 3. By assumption (iii), the morphism
is surjective over S for each e ∈ Z >0 . Take m ∈ Z >0 so that δm ∈ Z, mM ′ is integral and δmN ∼ mM ′ . Put F := f * O X (N). Then for each l ∈ Z >0 we have the natural morphism
which is surjective over S by assumption (i). Here, when δ = 0, we put S δlm (F ) := f * O X . Replacing m if necessary, we see from assumption (ii) that there is n 0 ∈ Z >0 such that the natural morphism
is surjective over S for each l ≥ 0 and n ≥ n 0 . Hence, for each l ≥ 0 and n ≥ n 0 we get the morphism
that is surjective over S. For each e ∈ Z >0 , let q e and r e be integers such that p e = mq e + r e and n 1 ≤ r e < m + n 1 . Then
. We now have the following sequence of morphisms:
The composite ψ (e) is also surjective over S, since each morphism is surjective over S. Set h e := δmq e . Then |h e − δp e | = δ|mq e − p e | = δr e ≤ δ(m + n 1 ), so we can apply Proposition 5.18, which completes the proof.
The next theorem can be viewed as an analogue of [30, Theorem 1.4].
′ , H and f be as in Theorem 6.2. Suppose that
is finitely generated over S ′ , and (ii) there exists an integer m 0 ≥ 0 such that
Take m ≥ m 0 so that m(K X + ∆) is integral and set
Note that if a = dim +1 (as in Example 5.6), then
This condition on l is the same as that in [30, Theorem 1.4].
Proof. Let i > 0 be the minimum integer such that i(K X + ∆) is integral. For simplicity, put t m := t(F m ) for each m ∈ Z >0 with i|m. Let µ ≥ m 0 be an integer divisible enough. We first show −a ≤ µ −1 t µ . Set M := N := µ(K X + ∆) and δ := µ −1 (µ − 1). Then one can check that all the assumptions in Theorem 6.2 hold, so the theorem shows that δt µ ≤ t µ + a, which means that −a ≤ µ −1 t µ . Next, we take m ≥ m 0 with i|m. Put M := m(K X + ∆), N := µ(K X +∆) and δ ′ := µ −1 (m−1). Theorem 6.2 (1) then says that δ ′ t µ ≤ t m +a. Combining this with −a ≤ µ −1 t µ , we obtain that t m ≥ −am, so we see from Proposition 5.14 that
the second assertion follows from Theorem 6.2 (2). • i∆ is integral for some positive integer i not divisible by p, • K X 0 + ∆| X 0 is a Q-Cartier divisor that is ample over S ′ , and Proof. By Lemma 3.5, we get m 0 ∈ Z >0 such that
is finitely generated over S ′ , and we may assume that F m is locally free over Y 0 for each m ≥ m 0 , replacing m 0 if necessary. Hence, the assertions follows from Theorem 6.3. For instance, let Y be a normal Q-Gorenstein projective variety admitting a noninvertible polarized endomorphism, i.e., there is an endomorphism π : Y → Y and an ample Cartier divisor H on Y such that π * H ∼ qH for some q ∈ Z ≥2 . Suppose that π is flat and −K X is numerically equivalent to rH for an r ∈ Q ≥0 . Then the assumption of the corollary holds for a = r. 
6.2. Direct images of relative pluricanonical bundles. We deal with the positivity of the direct images of relative pluricanonical bundles. In this subsection, we fix an infinite F -finite field k of characteristic p > 0. Theorem 6.6. Let X be an equi-dimensional quasi-projective k-scheme satisfying S 2 and G 1 , let Y be a dense regular open subset of a projective variety W of dimension n, and let η (resp. η) be the generic (resp. geometric generic) point of Y . Let f : X → Y be a surjective projective morphism and let ∆ be an effective Q-AC divisor on X such that i∆| Xη is integral. Suppose that
is finitely generated k(η)-algebra, and (ii) there exists an integer m 0 ≥ 0 such that
(2) Let A be a big Cartier divisor on W with |A| free, and let H be a Cartier divisor on Y such that H − nA| Y is big. Then
is generically globally generated.
Proof. For simplicity, we set
We first prove (1) . Let H be a very ample Cartier divisor on Y and put S := {η}. As shown in Example 5.5, the pair (S, H) satisfies condition ( * ) N for some N ∈ Z >0 . Take e ∈ Z >0 . Consider the morphism f 
We then see from Theorem 6.
Let M be an ample divisor on Y such that L + M is ample. Thanks to Proposition 5.11, we see that
which means that G m is pseudo-effective. Next, we show (2). Let µ ≥ m 0 be an integer divisible enough. By an argument similar to that in the proof of Theorem 6.2, we have n 0 ∈ Z >0 such that for each e ∈ Z >0 there is a morphism
that is surjective over S, where q e and r e are integers such that (m−1)p e +1 = µq e +r e and n 0 ≤ r e < n 0 + µ. (When m = 1, we put n 0 := 1 and
by the projection formula. Putting E := n 0 ≤r<n 0 +µ G r (K Y ), we get the morphism
which is surjective over S. Set r := 0, δ := µ −1 (m−1) and h e := q e . Then |δp e −h e | = µ −1 |(m−1)p e −µq e | ≤ µ −1 (n 0 +µ). Take r ′ ∈ Q >0 so that B(H −(n+2r ′ )A)∩S = ∅. Proposition 5.15 then tells us that
Next, we prove the weak positivity of the direct images of relative pluricanonical bundles, in the case where the geometric generic fiber has ample dualizing sheaf and has only F -pure singularities.
Theorem 6.7. Let X be an equi-dimensional quasi-projective k-scheme satisfying S 2 and G 1 , let ∆ be an effective Q-AC divisor such that K X + ∆ is Q-Cartier and that i∆ is integral for some positive integer i not divisible by p. Let Y be a dense regular open subset of a projective variety W of dimension n, let f : X → Y be a surjective projective morphism, and let X η be the geometric generic fiber of f . Suppose that (K X + ∆)| X η is ample and X η , ∆| X η is F -pure. Let A be an ample Cartier divisor on W with |A| free and let H be a Cartier divisor on Y such that H − nA| Y is ample. 
is weakly positive over Y 0 , and (2) for each m ≥ m 0 with m(K X + ∆) is Cartier, the sheaf
is generated by its global section on Y 0 .
• Supp ∆ does not contain each component of every fiber of f over Y 1 , and • every fiber of f over Y 1 satisfies S 2 and G 1 . Since X η , ∆| X η is F -pure, by an argument similar to that in the proof of [29, Corollary 3.31] , there is an open subset Y 0 of Y 1 such that X y , ∆| U y is F -pure for every y ∈ Y 0 , where X y is the geometric fiber over y and ∆| U y is the Q-AC divisor on X y obtained as the unique extension of ∆| U y . Then, Lemma 3.6 tells us that there is m 0 ∈ Z >0 such that
for each e ∈ Z >0 and m ≥ m 0 such that m(K X + ∆) is Cartier. Hence, one can prove the theorem, applying the same argument as that in the proof of Theorem 6.6 for S := Y 0 .
Iitaka's conjecture
Iitaka [17] has proposed the following conjecture:
Conjecture 7.1. Let k be an algebraically closed field of characteristic zero, let f : X → Y be a surjective morphism between smooth projective varieties with connected fibers, and let F denote the geometric generic fiber of f . Then
This conjecture has proved in several cases including the following:
• Y is a curve by Kawamata [19] ;
• Y is of general type by Viehweg [33] ;
• F has a good minimal model by Kawamata [20] ; • Y is an Abelian variety by Cao and Pǎun [4] ;
• Y is of maximal Albanese dimension by Hacon-Popa-Schnell [15] .
In this section, we study Conjecture 7.1 in positive characteristic. To explain several known results, we assume that F is smooth. The inequality in Conjecture 7.1 has proved in the following cases:
• dim F = 1 by Chen and Zhang [5] ;
• Y is of general type and F has non-nilpotent Hasse-Witt matrix by Patakfalvi [27] • F satisfies conditions (i) and (ii') in Theorem 1.6 and Y is either a curve or is of general type by the author [11] ; • dim X = 3 and p ≥ 7 by the author and Zhang [12] (cf. [3] ).
In order to prove the main theorem (Theorem 7.3), we need the following theorem. Theorem 7.2. Let k be an F -finite field of characteristic p > 0. Let X be a quasi-projective normal variety, let Y be a regular quasi-projective variety, and let f : X → Y be a separable surjective morphism. Let ∆ be an effective Q-divisor on X such that K X + ∆ is Q-Cartier, and let i be the minimal positive integer such that i∆ is integral. Suppose that
is finitely generated k(η)-algebra, where η is the generic point of Y , and (ii) there exists an integer m 0 ≥ 0 with i|m 0 such that
for each m ≥ m 0 with i|m.
Let H be a big and semi-ample Cartier divisor on Y such that ({η}, H) satisfies condition ( * ) a . Then
Note that we cannot remove the assumption that f is separable. (For example, consider the Frobenius morphism of a smooth projective curve of genus at least 2.) Proof. We first prove the assertion in the case when f is flat. For simplicity, we put F m := f * O X (⌊m(K X + ∆)⌋) for each m ≥ 0. Let µ and n 0 be integers that are large and divisible enough. By condition (i), the natural morphism
is generically surjective, where q e and r e are integers such that (m 0 − 1)p e + 1 = µq e + r e and n 0 ≤ r e < n 0 + µ.
We use the notation in Section 3.
is also non-zero as explained in Section 3. Applying
Combining the above morphisms, we get the non-zero morphism
Thanks to Theorem 6.3 (1), we see that B := B H − (F µqe + (aµq e )H) = Y. Take ν 1 ∈ Z >0 so that F r (ν 1 H) is generically globally generated for each n 0 ≤ r < n 0 + µ. Fix ν 2 ∈ Z >0 such that K Y ≤ ν 2 H and set ν := ν 1 + ν 2 . Then we get the non-zero morphism
which induces the non-zero morphism
Since X = f −1 (B) ⊇ B f * H − (f * F µqe + aµq e f * H) , the above morphism implies that
where ζ is the generic point of X. Shrinking X, we may assume that L is Cartier. Then
Since µq e ≤ (m 0 − 1)p e , we have Since σ * K Y ≤ K V , by the above argument, we see that for each t ∈ Q >0 there is a Q-divisor E t ≥ 0 on U such that
Applying ρ * , we get
which completes the proof. Proof. Since Y is of maximal Albanese dimension, ({η}, H) satisfies condition ( * ) 0 for some ample Cartier divisor H on Y , as shown in Example 5.8. First we deal with the case when Y is of general type. Take ε ∈ Q >0 so that εH ≤ K Y . Let ζ be the generic point of X. Then Theorem 7.2 tells us that
We can then prove the assertion by the same argument as that in the proof of [27, Theorem 1.7] . Next, we consider the case when Y is an elliptic curve. Let µ be an integer that is large and divisible enough. Set G := f * O X (µ(K X + ∆)). Then G is a nef vector bundle by Theorem 6.3. For a nef vector bundle V on Y , let L(V) denote the subset of Pic 0 (Y ) consisting of line bundles L on Y that can be obtained as a quotient bundle of V. Let G be the subgroup of Pic 0 (Y ) generated by L(G). We prove that G is a finite group. If this holds, then each L ∈ L(G) is a torsion line bundle, which means that there is a finite morphism π : Y ′ → Y from an elliptic curve Y ′ such that π * G is generated by its global sections, and hence we can prove the assertion by applying the same argument as that in the proof of [11, Theorem 7.6] .
By the classification of vector bundles on an elliptic curve [1, 25] , we see that • G is isomorphic to the direct sum of an ample vector bundle G + and a nef vector bundle E of degree 0, and • E ∼ = 1≤j≤ν E r j ,0 ⊗ L j , where L j ∈ Pic 0 (Y ) and E r j ,0 is an indecomposable vector bundle of rank r j and degree 0 having a non-zero global section. Since E r,0 is an extension of E r−1,0 by O Y , we get a filtration Then for each N 1 ∈ G(n 1 ) and N 2 ∈ G(n 2 ), we have N 1 ⊗ N 2 ∈ G(n 1 + n 2 ). Fix n 0 ≫ 0. Put F := n 0 ≤r<n 0 +µ and i|r f * O X (r(K X + ∆)). Then F is a nef vector bundle. Since L(F ) is a finite set, there is ν ∈ Z >0 such that L(F ) ∩G ⊆ G(ν). Take e ≫ 0 so that p e −q e > ν, where q e is an integer such that (µ −1)p e + 1 = µq e + r e for an integer r e with n 0 ≤ r e < n 0 + µ. We have the generically surjective morphism By the Grothendieck duality, we get the non-zero morphism
j . This is surjective, since the source is a nef vector bundle and deg L but this contradicts the choice of M, since p e − q e − ν > 0. Hence we conclude that G = G(N), which proves our claim.
